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Abstract
The most important part of the new spin-foam loop quantum gravity formu-
lation [1], [2] is the map Y : HSU(2) → HSL(2,C). It was only recently shown
that the Y-Map is convergent [5] in spite of the fact that the classical Peter-Weyl
theorem is not applicable to it, as Lorentz group is not compact. In this paper
we provide an alternative map Y˜ . The Y˜ map has an advantage of preserving
the Lorentz covariance, which gets broken in the case of Y-Map. The image
of a new map Y˜ contains the weighted infinite sum of SL(2, C) matrix coef-
ficients. The sum is convergent and its limit is the square integrable functions
of SL(2, C) with the measure L2(g, e−|Y |
2/~η(g)dudY ) according to the Holo-
morphic Huebschmann-Peter-Weyl theorem [3], which is applicable to the rational
representations of the non-unitary groups, particularly non-unitary finite Lorenz
representations. Since in LQG the unitary evolution is not mandatory as it does
not follow from the Wheeler-DeWitt dynamics equation, the choice of the non-
unitary representation is valid. As it was stated in the original LQG formulation
[14] in the section 10.1.3 "there is no sense in which conventional unitarity is nec-
essary in the theory".
1 Introduction
A new covariant loop quantum gravity formulation [1], [2] is based on the map Y
which is a map HSU(2) → HSL(2,C). Y maps HSU(2) states |j, q〉 to HSL(2,C) states
|j, q >→ |j, jγ, j, q〉, j ∈ Z+, γ−Barbero-Immirzi. it maps SU(2) matrix coefficients
Djqq′(u) to SL(2, C) unitary principal series matrix coefficients D
(j,jγ)
jqjq′ (g). By the
classical Peter-Weyl theorem any SU(2) function can be decomposed into the infinite
sum of Wigner matrix coefficients Djqq′(u). The Y then maps the functions of SU(2)
1
to the functions of SL(2,C) in the following manner:
Y : φ(u) =
∑
j=
|m|
2
j∑
q,q′=−j
Cjqq′D
j
qq′(u)→ ψ(g) =
∑
j=
|m|
2
j∑
q,q′=−j
Cjqq′D
j,jγ
jqjq′ (g)
(1)
where, Cjqq′ - are the SU(2) Fourier transform of φ(u).
The authors of the new LQG formulation [1], [2] do not discuss the convergence or the
meaning of this sum, even though it is known that generally it is impossible to expand
the function on the non-compact Lorentz group into the sum of its matrix coefficients
of the unitary representation due to the lack of the Peter-Weyl theorem for the uni-
tary representations of the non-compact groups. However, as it was recently proved in
[5] the sums are really convergent in spite of the fact that the Peter-Weyl theorem is
not applicable. The limit of the sums however are not square integrable functions and
therefore it is impossible to directly introduce the inner product on them. Thus the Y-
Map must use the 3-dimensional projected space and define the inner product on the 4
dimensional space to be equal to the inner product on the 3 dimensional hypersurface.
This procedure necessary breaks the Lorentz covariance.
In this paper we define an alternative convergent map, which we call Y˜ . We prove that
Y˜ converges and the limit is a square integrable function of SL(2,C) with the measure
(e−|Y |
2/~η(g)du dY ), g ∈ SL(2, C), u ∈ SU(2), Y ∈ su(2) . Therefore we can in-
troduce the inner product directly without breaking the Lorentz covariance. We use the
Holomorphic Huebschmann-Peter-Weyl theorem [3] (J. Huebschmann 2008). which
is applicable to the rational representations of the non-compact groups (non-unitary
finite representation of the Lorentz group). Thus we obtain the Lorentz covariance at
the price of unitarity. However unitarity is not mandatory in LQG as it does not follow
from the Wheeler-DeWitt dynamics equation in the same manner as it follows in con-
ventional QM from the Schrödinger equation.
As it was stated in the original LQG formulation [14] in the section 10.1.3 "In con-
ventional QM and QFT, unitarity is a consequence of the time translation symmetry
of the dynamics. In GR there isn’t, in general, an analogous notion of time translation
symmetry. Therefore there is no sense in which conventional unitarity is necessary in
the theory. One often hears that without unitarity a theory is inconsistent. This is a
misunderstanding that follows from the erroneous assumption that all physical theories
are symmetric under time translations."
The paper is organized as follows. In section 2 we state and discuss the Holomor-
phic Huebschmann-Peter-Weyl theorem. In the subsequent section 3 we introduce the
convergent Y˜ -Map and prove its convergence and square integrability. The discussion
section 4 concludes the paper.
2 Holomorphic Huebschmann-Peter-Weyl Theorem
The holomorphic Huebschmann-Peter-Weyl theorem [3] establishes the isomorphism
between the Hilbert space spanned by the compact group K matrix coefficients and the
Hilbert space spanned by the rational representation matrix coefficients of that group
2
complexificationKC:
φC(g)→ (~pi)dim(K)/4e~|λ+ρ|
2/2φ(g) (2)
the inner products of these two Hilbert spaces are related by the following:
∫
KC
φ¯C(g)φC(g)e−|Y |
2/~η(g)du dY = (~pi)dim(K)/2e~|λ+ρ|
2
∫
K
φ¯(u)φ(u) du (3)
, where g ∈ KC and we use polar decomposition g = ueiY , u ∈ K,Y ∈ t, algebra of
K, λ - is the highest weight of K , while ρ is the Weyl vector of K , i.e. the half sum of
the positive roots, the density of the measure on the left hand side is
η(u, Y ) =
(
det
(
sin(ad(Y ))
ad(Y )
)) 1
2
, u ∈ K,Y ∈ t (4)
It means that we can calculate the inner product in the non-compact group rational rep-
resentation Hilbert space by calculating the inner product of its isomorphic projection
to the Hilbert space of its maximum compact subgroup representation. And, what is
important, it does not depend on the selection on the maximum compact subgroup,
which means being KC covariant.
Since the map is provided by constant multiplication, all the orthonormal properties of
the matrix coefficients in the compact group case propagate to the Hilbert space of its
non-compact complexification.
Let K be a compact group, KC - its complexification, t and tC its algebras respec-
tively. Let g ∈ KC, u ∈ K,Y ∈ t, η(u, Y ) as in (4). We denote as in [3] KˆC to
be the set of isomorphism classes of irreducible rational representations of KC. KˆC
is identified with the space of highest weights corresponding to the dominant Weyl
chamber. For the highest weight λ, Tλ is a rational representation in a class of λ:
KC → End(Vλ), Vλ is a representation vector space. For ψ ∈ V ⋆λ and w ∈ Vλ the
function Φψw(q) = ψ(qw), q ∈ KC is a representative function on KC and it provides
a morphism: V ⋆λ ⊗ Vλ → C[KC]. We denote this morphism following [3] as V ⋆λ ⊙ Vλ
Theorem [Holomorphic Peter-Weyl J. Huebschmann 2008]
The Hilbert space HL2(KC, e−|Y |2/~η(g)du dY ) contains the vector space C[KC] of
representative functions (matrix coefficients) on KC as a dense subspace, and as a uni-
tary (K×K)-representation,HL2(KC, e−|Y |2/~η(g)du dY ) decomposes as the direct
sum into K ×K-isotypical summands:
HL2(KC, e−|Y |
2/~η(g)du dY ) = ⊕ˆλ∈KˆCV
⋆
λ ⊙ Vλ (5)
Theorem [ J. Huebschmann 2008 [3] Theorem 5.3]
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The association: φC(g) → (~pi)dim(K)/4e~|λ+ρ|2/2φ(g) as λ ranges over the highest
weights induces a unitary isomorphism of unitary (K ×K) representations.
HL2(KC, e−|Y |
2/~η(g)du dY )→ L2(K, dx) (6)
, where φλ ∈ V ⋆λ ⊙Vλ, λ - is the highest weight of K , while ρ is the Weyl vector of K ,
i.e the half sum of the positive roots. dx is a Haar measure.
For the details and the Theorem proofs see [3]. In this paper we apply these theo-
rems to the case K = SU(2),KC = SL(2, C) to derive a convergent Y˜ map.
3 Y˜ -Map
The Holomorphic Huebschmann-Peter-Weyl theorem establishes the isomorphism be-
tween the Hilbert space spanned by the compact group K matrix coefficients and the
Hilbert space spanned by the matrix coefficients of that group complexificationKC In
this chapter we will use the Holomorphic Peter-Weyl theorem stated above in order to
introduce Y˜ map. In our case K is SU(2), KC is SL(2, C). Let us derive for our case
φ, φC, λ, and ρ and substitute them into (2).
φC(g)→ (~pi)
dim(K)/4
e~|λ+ρ|
2/2φ(g) (7)
The corresponding matrix coefficients φ and φC are as follows:
φ(u) = Djqq′(u), φ
C(g) = D
(j−,j+)
qq′ (g) = D
(j−,0)
qq′ (g)⊗D
(0,j+)
qq′ (g¯) (8)
where j+ − j− = j
For SU(2) dim(K) = 3, the highest weight λj of the finite dimensional represen-
tation is (dim(V )−1)α(H)2 , which is 2j ·
α(H)
2 , where α(H) is the only SU(2) positive
root α(H) = 2h, H = diag(ih,−ih). The Weyl vector ρ = α(H)2 . The Killing form
gives the value of |λj + ρ|2 = (2j+1)
2
8 By substituting these values into (2) we find the
matrix coefficients map:
Djqq′ (u)→
1
Aj
D
(j−,j+)
qq′ (g), j+ − j− = j (9)
, where
Aj = (~pi)
3/4
e
~(2j+1)2
8 (10)
By the Holomorphic Peter-Weyl theorem 1AjD
(j−,j+)
qq′ (g) are dense
in L2(g, e−|Y |2/~η(g)du dY ) , where u ∈ SU(2), g ∈ SL(2, C) This provides the fol-
lowing Y˜ map of the functions of SU(2) to the square integrable functions of SL(2,C)
4
with the above measure:
Y˜ : φ(u) =
∑
j=0
j∑
q,q′=−j
Cjqq′D
j
qq′(u)→ ψ(g) =
∑
j=0
j∑
q,q′=−j
1
Aj
Cjqq′D
(j−,j+)
qq′ (g)
(11)
As it was shown in [4] the simplicity constraints provide the following solution for the
spins and Barbero-Immirzi parameter:
γ =
−in
(|n|+ 2p)
, n ∈ Z, p = 0, 1, ... (12)
j− = p/2, j+ = j + p/2 (13)
, j− and j+ - are SL(2, C) spinor representation parameters, j is an SU(2) spin. After
substituting it and Aj from (10) into (11) for the Y˜ map we obtain:
Y˜ : φ(u) =
∑
j= |m|2
j∑
q,q′=−j
Cjqq′D
j
qq′(u)→ ψ(g) =
∑
j= |m|2
j∑
q,q′=−j
1
(~pi)
−3/4
e
−~(2j+1)2
8 Cjqq′D
(p/2,j+p/2)
qq′ (g)
(14)
Since the spinor representation is part of the non-unitary principal series representation
with the parameters (n, ρ), n ∈ Z, ρ ∈ C, by expressing these parameters via the
spins (j−, j+) in the following way:
n = (2j+ − 2j−), iρ = (2j+ + 2j−) (15)
or
(n, ρ = −i(|n|+ 2p)) (16)
we can rewrite (14) and use the principal series matrix coefficients:
Y˜ : φ(u) =
∑
j= |m|2
j∑
q,q′=−j
Cjqq′D
j
qq′(u)→ ψ(g) =
∑
j= |m|2
j∑
q,q′=−j
(~pi)
−3/4
e
−~(2j+1)2
8 Cjqq′D
(±2j,−2i(j+p))
jqjq′ (g¯)
(17)
where j = |n|/2 - SU(2) spin.
We would like to emphasize that Aj depends on j. According to the Holomorphic
Huebschmann-Peter-Weyl theorem, the above sum is convergent and the function ψ(g)
is a square integrable function inL2(g, e−|Y |2/~η(g)du dY ), g ∈ SL(2, C), u ∈ SU(2), Y ∈
su(2).
Even though it first seems that the Y -map and the Y˜ -map both use the 3-dimensional
projected inner product, in reality it is not the case. While in the Y -map definition
one first selects the SU(2) subgroup of SL(2, C) to define the projected inner prod-
uct on it, in Y˜ -map one defines the inner product directly in 4 dimensional Lorentz
space without breaking Lorentz covariance. Then it follows from the Holomorphic
Huebschmann-Peter-Weyl theorem [3] that the inner product can be also calculated
with the help of projections on SU(2) subspaces and more than that, the projected
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inner product will be the same no matter what SU(2) subspace we select. Therefore
while the Y -map breaks the Lorentz covariance, the Y˜ -map preserves it. The real
reason for this difference between the Y -map and the Y˜ -map lies in the fact that the
Y -map image consists of non-square integrable functions on SL(2, C) [5], therefore
it is impossible to define the inner product directly, while the Y˜ image consists of the
square integrable functions [3].
4 Discussion
In this paper we have introduced an alternative to the Y -map of a new LQG covariant
formulation [1]. We called a new map - Y˜ . We have shown that Y˜ -map is well de-
fined and convergent in the space of square integrable functions of SL(2, C) with the
measure e−|Y |
2/~η(g)du dY , as a consequence of the Holomorphic Huebschmann-
Peter-Weyl theorem [3]. The main difference between the Y -map and Y˜ -map is in
Lorenz covariance and unitarity. The Y -map is unitary but breaks the Lorentz covari-
ance, while the Y˜ map is non-unitary, but preserves the Lorentz covariance. The uni-
tary evolution in quantum gravity does not follow from the Wheeler-DeWitt dynamics
equation HˆΨ = 0 as it follows from the Schrödinger equation in the classical quantum
gravity, requiring that the inner product of the Hilbert space does not depend on time.
If one does not use the SU(2) ADM-like slicing by the 3-dimensional hypersurfaces
then time is not distinguished from the space coordinates and it does not make any
sense to consider evolution with respect to it. Therefore the choice of the non-unitary
representation in quantum gravity is a valid choice.
References
[1] C. Rovelli, F. Vidotto "Covariant Loop Quantum Gravity: An Elementary Intro-
duction to Quantum Gravity and Spinfoam Theory", Cambridge University Press,
Cambridge, (2014)
[2] C. Rovelli, "A new look at loop quantum gravity", Class. Quant. Grav., vol. 28,
11 (2010).
[3] J. Huebschmann, "Kirillov’s character formula, the holomorphic Peter-Weyl the-
orem, and the Blattner-Kostant-Strenberg pairing", J. of Geometry and Physics,
58 (2008) 833-848.
[4] L. Perlov, "Lorentz Spin-Foam with Non Unitary Representations by use of Holo-
morphic Peter-Weyl Theorem", 2013, arXiv:1312.7747
[5] L. Perlov "Analog of the Peter-Weyl Expansion for Lorentz Group",
arXiv:1509.01312 (2015)
[6] R. Pereira, "Lorentzian LQG vertex amplitude", Class. Quant. Grav., vol. 25, p.
085013, (2008), 0710.5043.
6
[7] J. Engle, R. Pereira, C. Rovelli, "Flipped spinfoam vertex and loop gravity”,
arXiv:0708.1236.
[8] J. Engle, R. Pereira, C. Rovelli “The loop-quantumgravity vertex-amplitude”,
Phys Rev Lett 99 161301, (2007)
[9] J. Engle, E. Livine, R. Pereira, C. Rovelli, "LQG vertex with finite Immirzi pa-
rameter".
[10] A. Perez, "Spin foam quantization of SO(4) Plebanski’s action", Adv. Theor.
Math. Phys. 5 (2002)
[11] W. Ruhl , "The Lorentz group and harmonic analysis", W.A. Benjamin, Inc., New
York, (1970).
[12] M. Carmeli, S. Malin , "Theory of Spinors", World Scientific Publishing, Singa-
pore, (2000).
[13] B.C. Hall, "The Segal–Bargmann Coherent State Transform for compact Lie
groups", J. Funct. Anal. 122 (1994) 103–151.
[14] C. Rovelli, "Quantum Gravity", Cambridge University Press, Cambridge, (2004)
[15] T. Thiemann, "Introduction to Modern Canonical Quantum General Relativity",
Cambridge University Press, (2007)
[16] T. Brocker, T. tom Dieck, "Representations of Compact Lie groups", Graduate
Texts in Mathematics, vol. 98, Springer-Verlag, (1985).
[17] A.W. Knapp, "Representation Theory of Semisimple Groups: An Overview
Based on Examples", Princeton University Press , (2001)
[18] W. Fulton, J. Harris, "Representation Theory", Graduate Texts in Mathematics,
Springer-Verlag (1991)
[19] I.M. Gelfand, M. I. Graev, N. Ya. Vilenkin "Integral geometry and related issues
of the representation theory", Moscow (1962)
[20] M.A Naimark, "The linear representations of Lorentz Group", Pergamon Press
(1964)
[21] J. W. Barrett, L. Crane, "A Lorentzian signature model for quantum general rela-
tivity", Class.Quant. Grav. 17, (2000)
[22] J. W. Barrett, L. Crane, "Relativistic spin networks and quantum gravity", J Math
Phys 39, 6, (1998)
[23] E. Bianchi, E. Magliaro, C. Perini, "Spinfoams in the holomorphic representa-
tion", Phys. Rev. D 82, Issue 12, (2010)
7
